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Abstract Distribution entropy has been proved to
reveal stability for short time series and to distinguish
different classes of series by complexity. However,
there still exists some drawbacks. For example, it does
not consider the possible causality underlying the data,
which may not precisely identify deterministic from
stochastic processes. In addition, cumulative residual
entropy can successfully solve such problems and
identify randomness and complexity of time series
quite clearly. We therefore combine distribution
entropy with cumulative residual entropy named
cumulative residual distribution entropy (CRDE),
aiming at considering both distribution and values of
distances in the state space. CRDE can detect the
temporal and spatial structures of the series after
adding multiscale analysis. Results show that the
combined method can characterize series from
stochastic system (white noise and 1/f noise) and
deterministic system (chaotic and periodic series).
Then, we apply it to physiological signals, and the
result is consistent with the one that loss of complexity
at larger scales is related to aging and disease.
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1 Introduction
A real-world system includes numerous components
with greatly nonlinear interactions, and it is continuously being improved over time. It is essential to
create quantitative methods in the macroscopic level
of nonlinear and dynamical systems. Therefore, complexity is usually used to quantify the emergent
properties of systems with multiple interacting components and quantifying the complexity of dynamical
systems has always been a hot topic in scientific fields.
Earlier researches including dimensional analysis and
entropy calculation have been applied to prove the
existence of the deterministic chaos from data [1, 2],
but sufficient amount of data points was required for
the application and there were also other problems
remaining to be solved.
Based upon the issues, Pincus proposed a preliminary mathematical algorithm, approximate entropy
(ApEn), to identify the inherent complexity [3, 4].
ApEn is associated with Kolmogorov entropy, which
is used to quantify the ratio of generating new
information [5] and has been broadly used in physiological datasets [6, 7]. Then, to solve the problems
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that ApEn is sensitive to data length and lack of
corresponding consistency, Richman et al. developed
an alternative family of statistics, sample entropy
(SampEn), to analyze the degree of self-similarity of
the signals [8]. Due to the breakthrough on the
quantization of complexity for dynamical nonlinear
systems, numerous studies have been published to
discuss the effectiveness and applicability [9–11]. In
the algorithm of ApEn and SampEn, there exists a
threshold parameter r which is defined as the similarity
criterion and required to be predetermined and fixed. It
may cause false detection if r is not approximate. In
addition, they cannot capture the accurate information
for short time series, especially for those whose length
is smaller than 200.
In order to reduce the effect of the parameter r,
many improved methods have been introduced. One
solution is that the fixed r is replaced be a fuzzy logic
and defines a new entropy measure, fuzzy entropy
(FuzzyEn) [12, 13]. Another entropy estimation, the
coefficient of sample entropy (COSEn), combines
optimized sample entropy and heart beat interval
correlation [10]. Udhayakumar et al. constructed a
novel entropy profile by cumulative histogram method
to minimize the influence of parameter r on the
complexity detection [14–16]. Nevertheless, there is
still no significant improvement. Inspired by these
methods, Li et al. devised a novel entropy method,
distribution entropy (DistEn), to redefine the randomness and complexity of observed signals [17]. Based
on classical Shannon entropy [18], it quantifies the
information by estimating the probability density of
distance matrix in the reconstructed state space.
DistEn has been proved that it remains stable for
extremely short time series and is immune to predetermined parameters. Generally, the length of short
time series is smaller than 200. Lee et al. introduced
multiscale distribution entropy (MDE) by a movingaveraging multiscale technique and proved that this
method is able to distinguish different pathological
states of short-term heart rate series [19]. In addition,
Zhang et al. extended MDE to multivariate situation
and applied it to financial time series [20]. However, it
also loses some important information of series due to
the simplicity of the algorithm. DistEn only considers
the distance distribution between vectors in the
reconstructed state space. The values of distance are
ignored. For example, suppose one probability distribution
is
P1 ¼ f1; 2; 3; 4g,
another
is
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P2 ¼ f1; 2; 3; 100g, the entropies of two distributions
are equal. However, the two distributions are different
and may represent two kinds of systems.
Cumulative residual entropy (CRE) was developed
to identify the information for continuous variables
using cumulative distribution [21]. Using cumulative
distribution function instead of density function, it is
possessed of more generality and universal characteristics than Shannon entropy, and it remains consistent
and positive when dealing with differential entropy of
a continuous variate. Moreover, if the observed
random variable is the life expectancy of something,
it is more meaningful and practical to judge if the life
expectancy can go beyond time t. Some other corollaries and properties of CRE were introduced [22–25].
Due to its universality, it has vast applications on
image processing and recognition [26–29].
Although entropy estimation of series can represent
the complexity of the system to some extent, there still
exist some controversies about the relationship
between entropy and complexity. Entropy is defined
as the uncertainty of information for a given system. In
other words, the entropy values are directly proportional to the degree of disorder. If the system is totally
ordered, then the entropy value is close to zero.
However, the complexity is not exactly similar with
randomness, and vice versa according to the definition
of complexity. Traditional methods based on entropy
identify the regularity of a given series. The increase in
entropy means the level of randomness, and the value
reaches the peak when the system is totally random.
Nevertheless, higher value of entropy may not relate to
more complex system. For example, the entropy of
randomized time series is larger than that of original
time series. In fact, the randomization procedure has
destroyed the inherent correlations and lost some
underlying information of the original series. Therefore, the complexity of randomized series is lower
than that of original one. The complexity should
satisfy the ‘‘Inverted-U Theory’’ [30], and the peak is
supposed to be the balanced position from order to
disorder. Consequently, Costa et al. introduced a novel
measure, multiscale entropy (MSE) to quantify the
complexity of a dynamical system quite precisely [31].
The paper pointed out that aging and disease can
degrade the complexity of a living system, which can
be accepted in the physical and physiological aspects.
As a matter of fact, MSE is also applicable to other
systems besides human body, and it has truly made
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great success [32–36]. Nevertheless, the length of time
series at last scale is recommended between 14m and
23m , where m is the embedding dimension. Suppose
m ¼ 2 and the last scale is 20, the least length of time
series is 3920. If the length is less than 3920, there may
be invalid results when applying multiscale sample
entropy [35].
Here, we propose an improved entropy measure,
cumulative residual distribution entropy (CRDE), to
capture the spatial information more systematically by
combining distribution entropy with cumulative residual entropy. In addition, multiscale analysis is also
applied to detect the temporal structures of observed
datasets. CRDE is able to integrate the merits of both
DistEn and CRE, and it is also applicable for short
time series.
The structure of this paper is summarized as
follows: Sect. 2 gives the definition of distribution
entropy, cumulative residual entropy and cumulative
residual distribution entropy. In Sect. 3, synthetic time
series are generated to verify the effectiveness of the
proposed method. The heart rate datasets are applied
in Sect. 4. Finally, Sect. 5 presents the conclusion.

2 Methodology
2.1 Distribution entropy
Distribution entropy (DistEn) proposed by Li et al. is
considered as a novel complete quantification of
complexity for nonlinear time series. It is not only
immune to predetermined parameters, but also
stable for short time series. Given a time series
fxi ; 1  i  N g with length N, the algorithm of DistEn
is summarized as follows:
Step 1: Reconstruct the state space: Embed the
original series into m-dimensional state space,
Xi ¼ fxi ; xiþ1 ; . . .; xiþm1 g, where 1  i  N  m þ 1.
Step 2: Calculate distance matrix: Determine the
 
distance matrix D ¼ dij by estimating the distance
among vectors Xi and Xj , where 1  i; j  N  m þ 1


and dij ¼ maxxiþk  xjþk ; 0  k  m  1 is the Chebyshev distance.
Step 3: Evaluate probability distribution of distance
matrix: Utilize histogram method to calculate empirical
probability density function (ePDF) of distance matrix
D. Suppose there are altogether K bins to divide the

histogram, then pr is defined to describe the probability of each bin where r ¼ 1; 2; . . .; K. The situation
i ¼ j is not included in the estimation of ePDF.
Step 4: Compute the distribution entropy: based on
the classical Shannon entropy, the distribution entropy
is defined as:
DistEnðm; K Þ ¼ 

K
X

pr log pr

ð2:1Þ

r¼1

It is noticeable that there is a limitation for the
maximum number of bins P; otherwise, the spatial
skeleton would be over-divided corresponding to the
distance matrix D. Since dij ¼ dji , D is symmetrical
and we only consider the upper or lower triangle part
to estimate the distribution entropy.
2.2 Cumulative residual entropy
Even though distribution entropy has made great
improvements on the stability and sensitivity, there
still exists a severe drawback. Assume that there are
two distance distributions D1 = {1,2,2,3,3,3,4,4,4,4}
and D2 = {1,1,1,1,2,2,2,3,3,4}, the probability density function for both is {1/10,2/10,3/10,4/10} and
the same DistEn values are obtained. However, it is
apparent that the information behind two distance
distribution is different. According to the algorithm
of CRDE, CRDE1 ¼ 0:711 and CRDE2 ¼ 0:8979.
We can distinguish them by cumulative residual
functions. Therefore, we introduce cumulative residual entropy (CRE) to capture more information of
series.
Cumulative residual entropy (CRE) proposed by
Rao et al. applies cumulative distribution of a random
variate, and it has been proved that it possesses
stronger applicability and generality than traditional
Shannon entropy [21]. In addition, it is applicable for
continuous distributions, in which situation Shannon
entropy may not handle it successfully. The definitions
of CRE for continuous and discrete versions are given
as follows.
Suppose X ¼ fX1 ; X2 ; . . .; XN g 2 RN is a random
vector, the CRE for X is described as:
R
CREðX Þ ¼  PðjX j [ kÞ log Pðj X j [ kÞdk
ð2:2Þ
RN
þ

where k ¼ ðk1 ; k2 ; . . .; kN Þ, j X j [ k donates jXi j [ ki
and RNþ ¼ ðxi 2 RN ; xi  0Þ.
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Here is an example to illustrate CRE.
Consider X is an exponential distribution with mean
1=k, the density function is
pð xÞ ¼ kekx ; x [ 0

ð2:3Þ

and cumulative distribution function is
F ð xÞ ¼ 1  ekx ; x [ 0

ð2:4Þ

Consequently, the CRE for exponential distribution
is
CREð xÞ ¼ 

R1

ekx log ekx dx ¼

0

1
k

ð2:5Þ

The CRE satisfies the following properties: (1) The
definitions for both continuous and discrete variables
are valid, whereas it is difficult to estimate the
empirical distribution for differential entropy of
continuous variables. (2)The values for CRE are
nonnegative all the time. (3) The calculation for
CRE is simple, and the results finally converge.
Then, the algorithm for discrete situation is given.
Assume X1 ; X2 ; . . .; Xn are random variables that are
independent and identical distributed, F ð X Þ is the
cumulative density function and Fn ð X Þ ¼
Pn
1
i¼1 IfX  Xi g is empirical distribution function corn
responding to each random variable, where IfX  Xi g is
indicative function, Gn ð X Þ ¼ 1  Fn ð X Þ, the CRE is
defined by:
CREð X Þ ¼ 

Z1

Gn ð X Þ log Gn ð X ÞdX

2.3 Cumulative residual distribution entropy
Even though distribution entropy is stable and lowsensitive compared with sample entropy and fuzzy
entropy, it still results in the loss of information.
However, cumulative residual entropy can exactly
make up for such shortcoming. Therefore, we combine
original distribution entropy with cumulative residual
entropy and propose a new entropy method, in the
name of cumulative residual distribution entropy
(CRDE). The procedure of CRDE is given as follows:
The steps including the probability density estimation for distance matrix are the same as those for
DistEn.
Then, we calculate the cumulative density function
for the distance matrix of series, set as Fd ð xÞ, the
CRDE is defined as:
CRDEð xÞ ¼ 

Z1

ð1  Fd ð xÞÞ logð1  Fd ð xÞÞdx

0

¼

!
!
j
j
K
X
X
maxðDÞ  minðDÞ X
1
pi log 1 
pi
K
j¼1
i¼1
i¼1

ð2:8Þ
where D and K are distance matrix and the number of
bins, respectively, pi is the probability estimation of
each bin.
It is clear that DistEn is stable for short-term series
and immune to preset parameters, we therefore deduce
that CRDE possesses similar characteristics.
2.4 Multiscale analysis

0

¼

n1
1X
n
n
log
ðXiþ1  Xi Þ
n i¼1 n  i
ni

ð2:6Þ
To simplify the computation, we here suppose
X1 ; X2 ; . . .; Xn are order statistics and the empirical
distribution function is easily obtained:
8

>
< 0 X\X1
k

Fn ð X Þ ¼
ð2:7Þ
Xk  X\Xkþ1
>
:n

1 X  Xn
where X1  X2      Xn
statistics.
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are ascending order

Traditional entropy-based methods are considered
effective to quantify the complexity of signals.
However, it is misleading that the complexity of
randomized surrogate time series is greater than that of
original ones. To overcome the problem, Costa et al.
proposed multiscale sample entropy (MSE) by quantifying the complexity of signals over different scales,
whose results are in accordance with the agreement
that there exists complex physical structures between
the state of perfect orderliness and total randomness
[37]. Given a time series fx1 ; . . .; xi ; . . .; xn g, the
detailed multiscale algorithm is described as follow:
ðsÞ

yj ¼

js
1 X
xi ;
s i¼ðj1Þsþ1

1  j  n=s:

ð2:9Þ
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where s is scale factor and non-overlapping window
measure is applied here.

3 Numerical simulations
To prove the performance of proposed CRDE method
and to detect the complexity of signals, white noise, 1/
f noise and logistic map are chosen in the following
experiments. To better detect the complexity of
signals, we apply coarse-graining method and analyze
signals in multiscale aspect. In all examples, we set the
embedding dimension m = 2 and the number of bins
K = 128.
3.1 White noise and 1/f noise
White noise is a random signal in which different
frequencies are with the same strength, so the power
spectral density remains fixed. 1/f noise, also known as
pink noise, is a long-range autocorrelative signal
where the power spectral density is proportional to the
frequency of signal. Here, fifty realizations of signals
are calculated to reduce the effect of random factors.
In addition, the first 1000 points of signals are
excluded to overcome transient behaviors. The data
length is altogether 3000, and the last 2000 points are
used for simulations. The maximum of scale is 20.
Two noise signals are shown in Fig. 1.
Figure 2 illustrates the complexity results for white
noise and 1/f noise using different entropy methods,
CRDE and DistEn. The white noise series has higher
entropy values in small scale scales for both cases.
However, they perform different trends with the
increase in scale factors. Similar with the results of
multiscale sample entropy analysis (MSE) [31, 38],
the CRDE values of white noise present a decreasing
Fig. 1 a White noise; b 1/
f noise

(a)

trend monotonically with scale, whereas the results of
1/f noise are nearly close to a constant over different
scale factors in Fig. 2a. This phenomenon implies that
1/f noise possesses more complex structure than
uncorrelated white noise. However, the results of
DistEn seem to be a little biased in terms of
complexity theory in Fig. 2b. In addition, DistEn of
1/f noise is much more unstable by obvious error bars.
This mirrors that there is significant loss of information in the calculation of DistEn. The empirical
probability density function (ePDF) of distance matrix
and cumulative distribution curves for two noise series
are shown in Fig. 3. The histogram of distance for
white noise is almost a normal distribution, but that for
1/f noise is more like a left-skewed distribution.
Although the spatial structures are distinct, it is not
enough to capture the inherent information of series.
The algorithm of CRDE considers both the distribution structure and the detailed values of vector-tovector distance.
3.2 Logistic map
The logistic map, which is a polynomial mapping with
degree 2, is defined by:
xnþ1 ¼ axn ð1  xn Þ

ð3:1Þ

Even though the formula is simple, it can present
distinct characteristics with different parameter a. The
series is periodic when a = 3.5 (period 4), and chaotic
series are obtained with a = 3.7, a = 3.8, a = 3.9 and
a = 4.0. In the simulations, the initial values are set
x0 = 0.1 and the length is 2000. Five series of logistic
map are displayed in Fig. 4.
Figure 5 presents the CRDE and DistEn results for
five series with scales. It is clear that five curves in the
left panel decrease over multiple scales and can be

(b)
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(a)

(b)

Fig. 2 The complexity results for white noise and 1/f noise: a CRDE; b DistEn
Fig. 3 The histogram for
distance matrix and
cumulative distribution
curves (solid line) for
a white noise and b 1/f noise

easily distinguished. Moreover, the values for series
with a = 4.0 are larger than those for the other two
series, which is consistent with the theoretical expectation. However, the four curves of chaotic logistic
map in the right panel collapse together although the
pattern for periodic series (a = 3.5) is beautiful.
Table 1 and 2 display the means and standard
deviations of logistic maps over multiple time series
for CRDE and DistEn, respectively. It is obvious that
both the means and standard deviations grow up
gradually with the increase in parameter a. Additionally, the outcomes of four chaotic maps for DistEn
close to each other even though the difference between
periodical and chaotic maps. Furthermore, the histograms for distance matrices and corresponded
cumulative distribution curves for five series are
depicted in Fig. 6. Without any doubt, the pattern for
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periodic series (a = 3.5) is much more simple and the
cumulative distribution function is ladder-shaped. On
the other hand, the other four distributions present
relatively complex structures, in which the range of
distance for series with a = 4.0 is wider.

4 Heart rate series analysis
Physiologic signals usually carry complex and dynamical information, which is related to the underlying
mechanisms. Here, we analyze human heart rate time
series and identify the spatial and temporal structures
using proposed CRDE. There are altogether 112
subjects with four groups in the database [39, 40].
They were divided into four groups: healthy young,
healthy old, congestive heart failure (CHF) and atrial
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Fig. 4 Logistic map with different parameters: a a = 3.5; b a = 3.7; c a = 3.8; d a = 3.9; e a = 4.0
Fig. 5 The complexity
results for logistic map with
different parameters for
a CRDE; b DistEn

(a)

(b)

Table 1 The means and standard deviations of logistic map for CRDE with different parameters
a = 3.5

a = 3.7

a = 3.8

a = 3.9

a=4

Mean

0.0193

0.0296

0.0384

0.0549

0.1

Standard deviation

0.0249

0.0357

0.0413

0.0466

0.0501
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Table 2 The means and standard deviations of logistic map for DistEn with different parameters
a = 3.5

a = 3.7

a = 3.8

a = 3.9

a=4

Mean

0.2575

0.9207

0.9172

0.9200

0.9134

Standard deviation

0.1162

0.0395

0.0354

0.0346

0.0348

Fig. 6 The histogram for distance matrix and cumulative distribution curves (solid line) for logistic map with different parameters:
a a = 3.5; b a = 3.7; c a = 3.8; d a = 3.9; e a = 4.0

fibrillation (AF). The detailed information about
subjects is shown in Table 3. The subjects including
healthy and atrial fibrillation groups were recorded
2 h, and the congestive heart failure group had more
data points for about 16 to 24 h recording. Thus, we
extract 2000 data points for each subject to detect the
underlying complexity. Time series are preprocessed
Table 3 Subjects
information
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to remove outliers because of artifacts and ventricular
ectopic beats. The heart rate time series for four
subjects randomly selected from four different groups,
respectively, are depicted in Fig. 7. The fluctuation of
AF series seems to be random, which is in close
proximity to white noise. The series of CHF and Elder
display less volatility, but on the contrary the series of

No. of females

No. of males

Total number

Average age (years)

Healthy young

10

10

20

25.9

Healthy elder

10

10

20

74.5

Congestive heart failure

15

28

43

55.5

Atrial fibrillation

–

–

9

–
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Fig. 7 Representative heart rate time series: a a subject with atrial fibrillation (AF); b a subject with congestive heart failure (CHF); c a
healthy elder subject; d a healthy young subject

Fig. 8 The results of heart
rate time series for CRDE:
a three groups (AF, CHF and
healthy); b two groups
(Young and Elder)

(a)

young fluctuates obviously, implying more complex
dynamics [41].
Figure 8a depicts averaged CRDE analysis of heart
rate time series obtained from AF, CHF and healthy
(Yong and Elder) subjects. The results of entropy

(b)

change with scales. At the first scale, the entropy of AF
series is the highest compared with the other two
groups. For larger scales, the results of healthy series
are apparently higher than those of AF and CHF series.
In general, three curves increase to varying degrees
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Fig. 9 The results of heart
rate time series for DistEn:
a three groups (AF, CHF and
healthy); b two groups
(Young and Elder)

Table 4 The t test results
among four groups

AF versus CHF
p value

p value

4.1661 9 10-4***

0.0018**

AF versus Young
0.0183**

CHF versus Elder

CHF versus Young

Elder versus Young

0.2023

1.6500 9 10-13***

2.5135 9 10-15***

over the whole scales and they can be visually
characterized. The curves for AF and Young groups
are analogous to those for white and 1/f noise. We also
illustrate the CRDE analysis for Young and Elder
subjects in Fig. 8b.
The results from Young subjects are significantly
larger than those from Elder subjects over whole time
scales. Moreover, DistEn results for heart rate time
series are displayed in Fig. 9. All the curves increase
slightly with increasing scales and collapse together
for larger scales, making it difficult to distinguish
them.
Finally, we apply student t test to detect the
significance of difference among four groups, whose
results are shown in Table 4. Statistical significance is
accepted when p \0.05. The differences among all the
pair groups except CHF versus elder are statistically
significant, which are marked by the symbol ‘*’.
To further detect the spatial structures of distance
matrix, Fig. 10 depicts the histograms and cumulative
distribution functions corresponding to four selected
series in Fig. 7. It is no wonder that the general
distribution for AF is close to normal distribution,
which is consistent with its randomness. In contrast,
the other three distributions are more likely to be left-
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skewed, and the structures for CHF and Elder are less
complex than that for Young. The cumulative distribution curve for young subject converges to 1 more
slowly than others. These apparent distinctions can be
interpreted in Fig. 8. However, there exist some
alternating jumps in Fig. 10 even though we take
some measurements to filter the heart rate time series,
we guess some technical factors like the environment
of subjects and noise cannot be totally eliminated.
Nevertheless, we still can extract the periphery of
related histograms.

5 Conclusion
In this paper, we introduced an improved entropy
method, cumulative residual distribution entropy,
which is based on cumulative distribution function
and Shannon entropy. Traditional distribution entropy
performs better on the short time series and is less
sensitive to the predetermined parameters compared
with sample entropy and fuzzy entropy. However, it
also loses part of the information contained in the
series by quantifying the global information from
distance matrix.

Multiscale cumulative residual distribution entropy and its applications on heart rate
Fig. 10 The histogram for
distance matrix and
cumulative distribution
curves (solid line) for heart
rate time series: a a subject
with atrial fibrillation (AF);
b a subject with congestive
heart failure (CHF); c a
healthy elder subject; d a
healthy young subject

Moreover, cumulative residual entropy can attenuate this drawback by considering the cumulative
distribution function of distance among vectors.
Therefore, the combined method, CRDE, can capture
the underlying information from series more systematically. After adding the multiscale analysis, this
method can detect both spatial and temporal structures
of the dynamic nonlinear systems. Considering the
advantages of CRDE over improved sample entropy
[14–16], predetermined parameters of CRDE have
decreased and the computation time is shorter since
there is no need to calculate the whole entropy profile
in the algorithm of improved sample entropy.
In the simulations of synthetic series, the results of
CRDE are consistent with those from MSE, whereas
DistEn performs worse over scales. CRDE can also
distinguish different classes of series better than
DistEn. In the application of heart rate time series,
CRDE confirmed again that the loss of complexity had
affinities with aging and disease.
In summary, the multiscale CRDE integrates the
merits of cumulative residual entropy and distribution
entropy and is a relatively effective approach to detect
the complexity of series in temporal and spatial
aspects.
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