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In this paper, we create three different entropy curves, Tsallis q-complexity-entropy curve, Rényi
r-complexity-entropy curve, and Tsallis-Rényi entropy curve via extending the traditional
complexity-entropy causality plane and replacing the permutation entropy into power spectral
entropy. This kind of method is free of any parameters and some features that are obscure in the time
domain can be extracted in the frequency domain. Results from numerical simulations verify that
these three entropy curves can characterize time series efficiently. Chaotic and stochastic time series
can be distinguished based on whether the q-complexity-entropy curves are opened or closed. The
unrelated stochastic process has a negative curvature associated with the Rényi r-complexity-entropy
curve, whereas there are positive curvatures for related cases. In addition, the Tsallis-Rényi entropy
curve can display the relationship between two entropies. Finally, we apply this method to sleep
electrocardiogram and electroencephalography signals. It is proved that these signals possess similar
features with long-range correlated 1/f noise. It is robust enough to exhibit different characteristics
for each sleep stage. By using surrogate data sets, the nonlinearity of simulated chaotic time series
and sleep data can be identified. Published by AIP Publishing. https://doi.org/10.1063/1.5038758

The complexity-entropy causality plane (CECP) proposed
by Rosso et al. is a powerful tool that describes the
dynamic characteristics of the system. In this paper,
we first change permutation entropy into power spec-
tral entropy, which is immune to any parameters and
can extract features in the frequency domain. To fur-
ther distinguish time series, we consider Tsallis and Rényi
entropies and create three different entropy curves, Tsallis
q-complexity-entropy curve, Rényi r-complexity-entropy
curve, and Tsallis-Rényi entropy curve. By experimenting
this proposed method on simulated and empirical data,
chaotic and stochastic time series can be distinguished
successfully and different sleep stages can be efficiently
classified.

I. INTRODUCTION

Studying nonlinear dynamical systems by empirical time
series is a common task in research fields.1 In last several
years, a variety of complexity measures that can classify deter-
ministic from stochastic systems have been proposed, such as
Kolmogorov complexity,2 fractal dimensions,3 and Lyapunov
exponents.4 However, these old and well-studied methods
rely on specific algorithms and tuning parameters, which may
add difficulties for estimation. Furthermore, dynamics entropy
has been widely applied to estimate the complexity of non-
linear system.5,6 As an information measure that quantifies
the uncertainty of system, researchers have developed many

a)Author to whom correspondence should be addressed:
16118426@bjtu.edu.cn

kinds of entropy methods.7–9 In particular, the entropy rate is
regarded as a measure to quantify dynamic processes. Paluš
studied the relation between Kolmogorov-Sinai entropy of a
dynamical process and the entropy rate of a Gaussian process
generated by the dynamical process and he found the possi-
bility that there might exist a relation between them but its
states could change under different situations.10,11 Recently, a
wavelet-based mutual information rate was proposed to give a
more general introduction to classification of dynamical states
using entropy rates.12 In addition, Bandt and Pompe proposed
permutation entropy (PE) by means of comparing neighbor-
ing values that could be suitable for any time series.9 Since the
algorithm of this technique is simple and it has the ability to
distinguish among periodic, chaotic, and stochastic signals, it
is extensively utilized in nonlinear dynamic systems.13–15 For
the frequency domain signals, it is supposed to extract inner
information feature and determine the power spectral entropy
(PSE).16

Considering the specific problem of classifying the
chaotic and stochastic systems, Rosso et al. interpret that
just applying permutation entropy is not enough to solve the
issue.17 For example, they found that the result of logistic
map at completely chaos is near to that of long-range corre-
lated noises, such as 1/f noise, when computing their values
of permutation entropy. Inspired by that, Rosso et al. com-
bined permutation entropy and another complexity measure,
named the statistical complexity introduced by López-Ruiz
et al.18,19 One of the factor of the statistical complexity is
called disequilibrium, which quantifies the distance between
the uniform distribution (equal probability distribution) and
system probability distribution. The value of disequilibrium
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would be different from zero if the privileged or more prob-
able states exists. The statistical complexity C is thus the
product of “information H” and “disequilibrium Q.” Having
obtained the values of permutation entropy H and statistical
complexity C, the diagram of C versus H is constructed by
the points (H , C). Its applications are greatly spread over var-
ious scientific communities for distinguishing noise, chaotic
system, and stochastic process.20–26

However, despite the great success of CECP, there exist
some drawbacks in several situations. For example, the time
delay and embedding dimension are supposed to be ensured
every time due to the distinction of systems. It is rather
troublesome and time-consuming. Moreover, the positions
of some periodic and chaotic signals in the CECP are in
the vicinity so that it may lead to incorrect characteriza-
tion. Prompted by the phenomenon, we consider qth Tsallis
entropy and rth Rényi entropy and establish the fractal causal-
ity plane in the frequency domain.27,28 Tsallis entropy and
Rényi entropy are the monoparametric generalizations of
the Shannon entropy. The parameters of these two entropies
describe different weights to the probabilities corresponding
to power spectrum distribution in distinct aspects; thus differ-
ent dynamical fractal properties of system can be evaluated
by changing the entropic index. In this paper, we create the
parametric curves of signals associated with the values of
H and C calculated by varying the parameters q and r. The
curve, defined as the complexity-entropy curve, tends to clas-
sify periodic, stochastic, and chaotic time series generated by
complex systems.

The rest of the paper is organized as follows. Section II
first introduces the methodologies of statistical complexity
measure, power spectral entropy Tsallis entropy, and Rényi
entropy. Then, we integrate these measures and present three
different complexity-entropy causality planes based on the
theories mentioned. In Sec. III, we select several different
kinds of processes to validate the effectiveness of the pro-
posed method and compare the results. Section IV displays
the empirical application in sleeping data and financial
time series. Finally, the conclusions are summarized in
Sec. V.

TABLE I. The minimum value of Hq and maximum value of Cq for logistic
map with different parameters a.

a = 3.05 a = 3.5 a = 3.8 a = 4

H∗
q 0.0055 0.0148 0.1598 0.3887

C∗
q 0.9471 0.9810 0.6168 0.4777

II. METHODOLOGY

A. Statistical complexity measure

Statistical complexity can be defined to describe a system
with a simple structure but complex dynamical characteris-
tics and can also reveal complex patterns that are implicit in
its inner dynamics.29 At the same time, the statistical com-
plexity considers that there are two opposing extremities in
the nonlinear dynamic system, that is, completely order and
maximum randomness. In both cases, the system structure is
very simple, only zero statistical complexity. Between these
two specific cases, there are a large number of possible phys-
ical structures, which can be reflected by the potential system
probability distribution characteristics.30

For a given nonlinear system with any arbitrary discrete
probability distribution P = {pi, i = 1, 2, . . . , N} with N pos-
sible states, the well-known Shannon information theory is
defined as5

S[P] = −
N∑

i=1

pi log(pi). (2.1)

The value of S[P] quantifies the complexity of the system with
some degree. If S[P] = 0, we can predict certainly that all
the possible outcomes i whose probability is set by pi will
actually happen. On the other hand, the uncertainty reaches
maximum when the distribution is uniform, that is, S[Pe] =
Smax = log N , where Pe = {1/N , 1/N , . . . , 1/N}.

Another complexity measure is “disequilibrium,”
denoted by Q, which depicts the distance between a speci-
fied probability distribution and the equilibrium probability
distribution. The disequilibrium Q is defined in terms of the

FIG. 1. Three complexity-entropy curves for logistic map with different parameters a. The markers, � and �, stand for the starting and end points of the curve,
respectively. The marker � represent the point of statistical complexity and entropy when the parameter q or r equals to 1.
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FIG. 2. The derivative of statistical complexity Cr corre-
sponding to the entropy Hr as a function of Rényi parameter
r for logistic map with different parameters a.

extensive Jensen-Shannon divergence17

QJ [P, Pe] = Q0J [P, Pe], (2.2)

where J [P, Pe] is a relative entropy measure (also called
Jensen-Shannon divergence) between the empirical distribu-
tion P and the uniform distribution Pe. This measure can
be obtained according to the symmetrized Kullback-Leibler
divergence [K(P|Q) = − ∑

pi log qi/pi, P and Q are two
distributions.] and is described as

J [P, Pe] = 1

2
K

(
P

∣∣∣∣
P + Pe

2

)
+ 1

2
K

(
Pe

∣∣∣∣
P + Pe

2

)

= S

[
P + Pe

2

]
− S[P]

2
− S[Pe]

2
, (2.3)

and Q0 is a normalization constant, equal to the inverse
of maximum possible value of J [P, Pe]. Therefore, the
statistical complexity measure is formed through the product

CJS[P] = QJ [P, Pe]HS[p], (2.4)

of the normalized Shannon entropy

HS[p] = S[p]/Smax. (2.5)

The statistical complexity measure mirrors the interrelation-
ship between the quantity of information and its disequilib-
rium in the dynamic system. By applying Jensen-Shannon
divergence instead of Euclidean distance, this generalized sta-
tistical complexity measure has the intensive characteristic
detected in lots of thermodynamic quantities, which can also
better reflect the key details of the dynamic characteristics of
the system, and distinguish between different degrees of peri-
odicity and chaos, whereas this kind of information cannot be
recognized by the randomness measure.

B. Power spectral entropy

Power spectral entropy (PSE) is a kind of information
entropy that aims to quantify the spectral complexity in fre-
quency domain from an energy perspective. First, the dis-
crete Fourier transform {X (ωi)} of time-domain signal {xt} is
obtained by Fast Fourier Transform (FFT), where ωi donates
the frequency point of the number i. Then, the power spectral
density (PSD) is estimated as follows

P̂(ωi) = 1

N
|X (ωi)|2, (2.6)

FIG. 3. Three complexity-entropy curves of seven different chaotic time series. The markers, � and �, stand for the starting and end points of the curve,
respectively. The marker � represents the point of statistical complexity and entropy when the parameter q or r equals to 1.
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TABLE II. The minimum value of Hq and maximum value of Cq for different
chaotic time series.

Henon Burgers Gingerbreadman Tinkerbell Lorenz Rossler Chen

H∗
q 0.7731 0.3534 0.2736 0.6543 0.2211 0.0743 0.2238

C∗
q 0.3338 0.7195 0.8223 0.4375 0.8725 0.9694 0.8452

where N is the length of FT series. After normalizing P̂(ωi)

by

pi = P̂(ωi)∑
i P̂(ωi)

, (2.7)

the power spectral density distribution P = {p1, p2, . . . , pN } is
obtained. Finally, the power spectral entropy can be defined
by Eq. (2.1)

HPSE = −
N∑

i=1

pi log(pi). (2.8)

PSE interprets the spectrum structure of signal in frequency
domain, in other words, time uncertainty. If the distribution
of energy is more uniform in the whole frequency domain,
the signal has more complexity and thus the value of PSE
is higher; whereas the narrower the spectrum peak is, the
smaller the value of PSE is, which means that the system
is more concussive and less complex. Normally, the value
of PSE reaches the maximum when the energy or power
spectrum distribution is flat, that is, Hmax = log(N), where
Pe = {1/N , 1/N , . . . , 1/N}.

C. Tsallis entropy and Rényi entropy

Tsallis q-entropy, a generalization of BoltzmannGibb-
sShannon (BGS) entropy, is a nonextensive entropy and
estimates the degree of departure from extensity.27,31 It
is applicable for detecting the multifractal properties of
nonlinear system. Given a discrete probability distribution
P = {p1, p2, . . . , pn}, the formula is defined as

Sq[P] = 1 − ∑n
i=1 pq

i

q − 1
, (2.9)

where q is any real number and n is the total number of
accessible configurations. As q → 1, the Sq(P) is the same as
Shannon entropy. Therefore, entropic index q evaluates devi-
ations of Tsallis entropy from Shannon entropy.32 The other
format of Eq. (2.9) can be written as

Sq[P] =
n∑

i=1

pi logq
1

pi
, (2.10)

where logq x = x1−q−1
1−q is the q-logarithm function. Sq[Pe] =

logq n is the maximum value of Tsallis entropy when the
distribution is uniform.

The rth-order Rényi entropy proposed by Rényi is
defined as

Sr[P] = 1

1 − r
log

n∑

i=1

pr
i , (2.11)

where r is the entropic index.28 Shannon entropy is obtained
by the limit r → 1. The maximum value of Rényi entropy
is Sr[Pe] = log n, which is the same as that in the Shannon
entropy situation.

D. Three extended complexity-entropy causality plane
based on power spectral entropy

In order to better describe the intrinsic spectrum distri-
bution and classify various sorts of time series, we introduce
three distinct extended complexity-entropy causality planes
based on power spectral entropy based on theories men-
tioned above. Considering a time series {xt, t = 1, 2, . . . , n},
the procedure of this algorithm can be summarized as follows.

1. Tsallis complexity-entropy causality plane

Step 1: For a given time series, calculate the qth Tsallis PSE
and then normalize them by

Hq[P] = Sq[P]/Sq[Pe]. (2.12)

Step 2: Compute the Tsallis complexity measure Cq[P]

Cq[P] = Qq[P, Pe]Hq[P], (2.13)

FIG. 4. The derivative of statistical complexity Cr corre-
sponding to the entropy Hr as a function of Rényi parameter
r for seven different chaotic time series.
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FIG. 5. Three complexity-entropy curves of Gaussian white noise and 1/f noise. The markers, � and �, stand for the starting and end points of the curve,
respectively. The marker � represent the point of statistical complexity and entropy when the parameter q or r equals to 1.

where Qq[P, Pe] = Qq0Jq[P, Pe] and

Jq[P, Pe] = 1

2
Kq

(
P

∣∣∣∣
P + Pe

2

)
+ 1

2
Kq

(
Pe

∣∣∣∣
P + Pe

2

)

= −1

2

N∑

i=1,pi �=0

pi logq
pi + 1/N

2pi

− 1

2

N∑

i=1

1

N
logq

pi + 1/N

2/N
, (2.14)

is the entropic measure (Jensen-Shannon divergence) between
P and Pe. Kq(P|Q) = − ∑

pi logq qi/pi is the generalization
of Kullback-Leibler divergence of Tsallis format. Qq0 is a
normalized constant determined as

Qq0 = (1 − q)22−qN

22−qN − (1 + N)1−q − N(1 + 1/N)1−q − N + 1
.

(2.15)

Step 3: Construct the q-entropy plane with Hq[P] as the
horizontal axis and Cq[P] as the vertical axis.

TABLE III. The minimum value of Hq and maximum value of Cq for
Gaussian white noise and 1/f noise.

Gaussian white noise 1/f noise

H∗
q 0.8879 0.6563

C∗
q 0.1911 0.4779

Suppose that P = {p1, p2, . . . , pN } is the probability dis-
tribution of power spectrum and Np donates the amount
of non-zero elements of P. The following statements are
obtained:

(1) Hq[P] → Np−1
N−1 when q → 0+;>;

(2) Cq[P] → (Np−1)(N−Np)

(N−1)2 =
(

1 − Np−1
N−1

)
Np−1
N−1

when q → 0+;>;
(3) Hq[P] → 1 when q → ∞;>;

(4) Cq[P] → N−Np
N when q → ∞.

The proofs of these statements are displayed in Appendix A.
Several general properties can be summarized:

(1) If there is only one obvious power spectrum, in other
words, Np = 1, the q-complexity-entropy curve collapses onto
the point (0, 0);

(2) If all the values of power spectral density is not zero,
then Np = N and the curve ends up with a loop at point (1, 0)

from q = 0+ to q → ∞.

2. Rényi complexity-entropy causality plane

Step 1: For a given time series, calculate the qth Rényi PSE
and then normalize them by

Hr[P] = Sr[P]/Sr[Pe]. (2.16)

Step 2: Compute the Rényi complexity measure Cr[P]:

Cr[P] = Qr[P, Pe]Hr[P], (2.17)
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FIG. 6. The derivative of statistical complexity Cr corre-
sponding to the entropy Hr as a function of Rényi parameter
r for Gaussian white noise and 1/f noise.

where Qr[P, Pe] = Qr0Jr[P, Pe] and

Jr[P, Pe] = 1

2
Kr

(
P

∣∣∣∣
P + Pe

2

)
+ 1

2
Kr

(
Pe
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P + Pe

2

)

= 1

2(r − 1)

[
log

N∑

i=1

pr
i

(
pi + 1/N

2

)1−r

+ log
N∑

i=1

1

Nr

(
pi + 1/N

2

)1−r
]

, (2.18)

is the entropic measure (Jensen-Shannon divergence) between
P and Pe. Kr(P|Q) = 1

r−1 log
∑

pr
i q

1−r
i is the generalization

of Kullback-Leibler divergence of the Rényi format. Qr0 is a
normalized constant determined as

Qr0 =
{

1

2(r − 1)
log

[
(N + 1)1−r + N − 1

N

(
N + 1

4N

)1−r
]}−1

.

(2.19)

Step 3: Construct the r-entropy plane with Hr[P] as the
horizontal axis and Cr[P] as the vertical axis.

Assume that P = {p1, p2, . . . , pN } is the probability distri-
bution of power spectrum, Np donates the amount of non-zero
elements of P, pM and pm are the maximum and minimum
elements of P, respectively. The following statements are
obtained (for detailed proofs, see Appendix B):

(1) Hr[P] → log Np
log N when r → 0+;

(2) Cr[P] → log Np
log N

log(N+Np)−log 2N
log(N+1)−log 2N when r → 0+;

(3) Hr[P] → − log pM
log N when r → ∞;

(4) Cr[P] → log(NpM +1)(Npm+1)−log 4NpM
log 4N−log(N+1)

log pM
log N when r → ∞.

3. Tsallis and Rényi entropy plane

Step 1: For a given time series, calculate the qth Rényi PSE
and then normalize them by

Hr[P] = Sr[P]/Sr[Pe]. (2.20)

Step 2: Calculate the qth Tsallis PSE and then normalize them
by

Hq[P] = Sq[P]/Sq[Pe]. (2.21)

Step 3: Construct the entropy plane with Hq[P] as the horizon-
tal axis and Hr[P] as the vertical axis.

III. NUMERICAL SIMULATIONS

In this section, we display several different kinds of
classes of system: chaotic systems, stochastic process, and
periodic process, to illustrate the robustness and effectiveness
of the proposed ECECP based on power spectral entropy. The
length of simulated time series is 10 000 and the range of
parameters q and r is defined from 0+ to 500 in size steps
of 10−3.

TABLE IV. The statistical testing of Cq and Cr for nine time series (R donates the rejection of mull hypothesis and A represents accepting it).

Time series tq0 Confidence interval Judgement tr0 Confidence interval Judgement

Burgers map 4.7367 [4.9772, 6.5780] R 66.4251 [34.2054, 36.1410] R
Chen system 18.5241 [7.7581, 9.7198] R 34.1023 [76.5824, 199.0728] R
Gingerbreadman map 3.6292 [5.1536, 5.6765] R 70.3709 [35.5459, 38.8218] R
Hénon map 26.5579 [22.4717, 26.0687] R 33.8919 [23.5640, 31.4141] R
Lorenz system 28.3404 [34.8307, 38.3528] R 42.4013 [18.7551, 22.7769] R
Rössler system 2.8394 [2.8420,3.8770] R 99.1665 [43.4283,53.6694] R
Tinkerbell map 13.7198 [11.1411, 13.2249] R 50.9866 [32.5737, 36.4427] R
Logistic map (a = 4) 4.1260 [3.9294, 4.3276] A 90.8679 [49.5653, 49.6964] R
Logistic map (a = 3.5) 11.0205 [3.0577, 3.3210] R 196.9760 [80.6788, 85.8214] R
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FIG. 7. The comparison of three complexity-entropy curves for original and surrogate Rössler system.

A. Logistic map

The logistic map is a polynomial mapping of degree 2,
which is defined as

xk+1 = axk(1 + xk), (3.1)

where a is a parameter with the range of (0, 4]. Here, time
series are obtained for a = 3.05, a = 3.5, a = 3.8, and a = 4
with initial condition x0 = 0.1. The logistic map presents dis-
tinct features when choosing different values of parameter
a. To be specific, the simple periodic dynamics is produced
for a = 3.05 and a = 3.5 is for stable cycles of period four;
chaotic dynamics is produced when a = 3.8 and 4. It is notice-
able that there is a three-period cycled window at around
a = 3.836 referring to the bifurcation diagram of logistic map.

Figure 1(a) presents the Tsallis q-complexity-entropy
curves of logistic map with different parameters, a = 3.05,
3.5, 3.8, and 4. It is obvious that all the curves are open
and begin at the point of (1,0). The curves for periodic time
series seem to form a larger opening loop, that is, the val-
ues of statistical complexity of them are not far from 1 even
when q → ∞. And the minimum values of Hq all occur at the

point marked by � when q = 1, which is also a turning point.
The concrete figures can be seen in Table I. From Fig. 1(b),
we can observe that the Rényi r-complexity-entropy curves
for periodical time series begin at the point (1,0) and end at
the point (0,0), whose curves for chaotic time series do not
reach the origin although they all have one significant peak.
To be specific, we calculate the derivative DCr/DHr to visu-
alize the curvature for each curve in Fig. 2. The four curves
all increase from negative to positive values in the vicinity of
r = 1. However, when r > 1, there is a significant decline to
negative values for the curve of logistic map (a = 4). Figure
1(c) shows the relationship between Tsallis and Rényi power
spectral entropy for logistic with different parameters. It is
likely that the parameters q and r make more sense on periodic
time series.

B. Chaotic systems

In this subsection, we first compare seven different kinds
of chaotic systems with changing parameters r and q, then
analyze the inherent properties of chaotic systems.

FIG. 8. The oscillation of different sleep stages for ECG signal (left panel) and EEG signal (right panel).
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FIG. 9. Three complexity-entropy curves of ECG signal and EEG signal of sleep data. The markers, � and �, stand for the starting and end points of the curve,
respectively. The marker � represent the point of statistical complexity and entropy when the parameter q or r equals to 1.

(1) Hénon map33

xk+1 = 1 − ax2
k + yk ,

yk+1 = bxk .
(3.2)

Parameter value: a = 1.4 and b = 0.3; initial condition:
x0 = 0 and y0 = 0.9.

(2) Burgers map34

xk+1 = axk − y2
k ,

yk+1 = byk + xkyk .
(3.3)

Parameter value: a = 0.75 and b = 1.75; initial condi-
tion: x0 = −0.1 and y0 = 0.1.

(3) Tinkerbell map24

xk+1 = x2
k − y2

k + axk + byk ,

yk+1 = 2xkyk + cxk + dyk .
(3.4)

Parameter value: a = 0.9, b = −0.6, c = 2.0, and
d = 0.5; initial condition: x0 = −0.1 and y0 = 0.1.

(4) Gingerbreadman map35

xk+1 = 1 − yk + |xk|,
yk+1 = xk .

(3.5)

Initial condition: x0 = 0.5 and y0 = 3.7.

FIG. 10. The derivative of statistical complexity
Cr corresponding to the entropy Hr as a function of
Rényi parameter r for ECG signal and EEG signals
of sleep data.
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TABLE V. The minimum value of Hq and maximum value of Cq for ECG
signal of sleep data.

SWS N2&N1 REM Wake

H∗
q 0.5522 0.5554 0.5975 0.5747

C∗
q 0.5739 0.5744 0.5322 0.5584

(5) Lorenz system36

⎧
⎪⎨

⎪⎩

ẋ = s(y − x),

ẏ = rx − y − xz,

ż = xy − bz.

(3.6)

Parameter value: s = 16, r = 45.92, and b = 4.0; initial
condition: x0 = −1, y0 = 0, and z0 = 1.

(6) Rössler system37

⎧
⎪⎨

⎪⎩

ẋ = −y − z,

ẏ = x + ay,

ż = b + z(x − c).

(3.7)

Parameter value: a = 0.2, b = 0.2, and c = 5.7; initial
condition: x0 = −1, y0 = 0, and z0 = 1.

(7) Chen system38

⎧
⎪⎨

⎪⎩

ẋ = a(y − x),

ẏ = (c − a)x − xz + cy,

ż = xy − bz.

(3.8)

Parameter value: a = 35, b = 3, and c = 28; initial con-
dition: x0 = −1, y0 = 0, and z0 = 1.

Figure 3 illustrates three different complexity-entropy curves
for each chaotic map. In general, all the Tsallis q-complexity-
entropy curves do not form loops, indicating that there exists
zero power spectrums in power spectrum density distribution
in Fig. 3(a). We further detect the minimum value of Hq and
maximum value of Cq, which is shown in Table II. It is clear
that the Rossler system possesses the least value of H∗

q and the
greatest value of C∗

q . This consequence implies that Rossler
system is much more sensitive to the parameter q, which can
also be concluded via Rényi r-complexity entropy curves in
Fig. 3(b). Different with the former curves, the r-complexity
entropy curves seem to be more efficient to characterize these
map by different shapes of them even though they all begin
at the point (1,0). There is a trough and a peak for the curve
of the Henon map as well as the Tinkerbell map, and oth-
ers only have an obvious peak. Furthermore, to classify them
more comprehensively, we calculate the derivative DCr/DHr

to visualize the curvature for each map, which can be observed
in Fig. 4. Without any doubt, the values of two maps men-
tioned above increase to positive numbers and then decrease
to negative ones, whereas there is a clear rise at the begin-
ning and then remains stale at a positive value for the other
five maps. Figure 3(c) shows the relationship between Tsal-
lis and Rényi entropies with simultaneously increasing q and
r. The values of Tsallis and Rényi entropy are both close to
1, when q, r → 0+. However, there exists a different situation
when q, r → ∞. The results of Tsallis entropy are near to 1
while those of Rényi entropy are far from 1. In a word, these

TABLE VI. The minimum value of Hq and maximum value of Cq for EEG
signal of sleep data.

SWS N2&N1 REM Wake

H∗
q 0.3318 0.4131 0.4837 0.5153

C∗
q 0.7921 0.7333 0.6612 0.6401

chaotic maps can be distinguished by the fatness of shapes of
the curves.

C. Stochastic process

In this subsection, we generate unrelated Gaussian white
noise and long-range correlated 1/f noise and the results are
also averaged after simulating 50 times.

Figure 5 shows three complexity-entropy curves of Gaus-
sian white noise and 1/f noise. By comparing the Tsallis
q-complexity entropy results in Figs. 5(a) and (d), the unre-
lated Gaussian white noise can form an entire loop, whereas
the curve for related 1/f noise cannot be closed. The results
for 1/f noise varies more substantially when the parameter q
changes from 0+ to ∞, which is summarized in Table III.
It is also interesting to find that there is a negative linear
relationship for Gaussian white noise between Hr and Cr

with the change of Rényi parameter r. However, the Rényi
r-complexity entropy curve for 1/f noise is convex. We can
also observe that the derivative of the curve for Gaussian
white noise is always negative, while the curve for 1/f noise
has a positive curvature in the neighborhood of r = 5 in
Fig. 6. By observing the relationship between Tsallis and
Rényi power spectral entropy, Gaussian white noise has a
more narrow band, whereas the values for 1/f noise change
a lot with different parameters in Figs. 5(c) and 5(f).

D. Statistical testing

In order to test the nonlinearity in time series, we apply
a statistical method proposed by Theiler.39 This approach first
assumes a null hypothesis of some linear process known as
surrogate data sets, and then define a discriminating statis-
tic for the original and every surrogate date set. If the results
obtained from original data are significantly distinct than the
results calculated for the surrogate data sets, then the null
hypothesis is rejected and nonlinearity id identified otherwise
the null hypothesis is accepted. Several measures have been
introduced to generate surrogate data sets, such as Fourier
Transform (FT) and Amplitude Adjusted Fourier Transform
(AAFT) algorithms. Later, Paluš further discussed statistical
testing as a tool to characterize the nonlinearity and causality
from time series and, thus, detected the physical mechanism
of underlying dynamical systems.40 In this paper, we uti-
lize AAFT to generate the surrogate data sets and define the
discriminating statistic T as

T = (x − x)4

[(x − x)2]2
. (3.9)

After selecting the discrimination statistic T , calculate the
value t0 of the statistic for the data sets. Then, determine the
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TABLE VII. The statistical testing of Cq and Cr of ECG signal for sleep data (R donates the rejection of mull hypothesis and A represents accepting it).

Stage tq0 Confidence interval Judgement tr0 Confidence interval Judgement

SWS 7.9157 [9.8848, 11.8674] R 174.3639 [127.2820, 173.9915] R
N2&N1 8.4667 [10.7334, 13.0210] R 95.5029 [96.5566, 140.3590] R
REM 11.0889 [16.0199, 18.2147] R 123.0420 [76.5428, 108.8258] R
Wake 9.3032 [16.8049, 18.6870] R 156.5809 [68.4832, 89.8091] R

number of surrogate data sets M , which are random realiza-
tions of the null process. Calculate the value tj (t = 1, . . . , M )

of the statistic for each surrogate data set. At last, identify
whether the value t0 is on the tail of the empirical distribu-
tion of T obtained from surrogate data sets. Especially, for a
two-side test, if t0 is found among the greatest (B + 1)α/2 or
the smallest (B + 1)α/2 in the sort list that consists of t0 and
t1, t2, . . . , tM , reject the null hypothesis at the level α.

It is noticeable that M is no less than 2/α, and is often
chosen to be an integer multiple of 2/α. Although the size
of the test is independent of M , several researches have veri-
fied that the results of the test perform better with the increase
of M .41,42 In this paper, we choose M = 39 surrogate data
sets and reject or accept the null hypothesis at the level α =
0.05.43 According to the Monte Carlo method, we estimate the
confidence interval of T values.

Table IV shows the results of nonlinearity test for nine
time series. According to the confidence interval of Cq and
Cr values obtained from surrogate data sets, we observe that
nearly all the time series including periodical time series reject
the null hypothesis, meaning that the nonlinearity truly exists
and these time series are not generated from linear stochas-
tic process. In addition, we compare three complexity-entropy
curves for original Rössler system and surrogate data in Fig.
7. It is obvious that the surrogate time series generated from
Rössler system is very close to the Gaussian stochastic process
according to Fig. 5, which proves that the complexity-entropy
curves are able to distinguish chaotic process from stochastic
one.

IV. EMPIRICAL DATA AND ANALYSES

A. Data description

Sleep is an important physiological activity, and it is
closely related to health, work, study, and so on. A reason-
able stage of sleep is the basis for studying sleep quality and
diagnosing sleep disorders. There are several physiological
parameters to describe different sleep stages.

In this section, a healthy male subject was enrolled
and the participant was suggested to sleep in a standard
sleep laboratory with an all-night Polysomnography (PSG,
Compumedics, Australia). The whole research protocols sat-
isfied the discipline of the American Academy of Sleep
Medicine (AASM). Commonly used recordings include: 6-
channel EEG montage, bilateral EOG, chin surface and bilat-
eral anterior tibialis surface EMG, Resp. effort (chest and
abdominal excursion), nasal pressure and airflow, snoring sen-
sor, SpO2, ECG, and body position. PSGs were recorded
depending on 30s epochs during the night, and were reviewed

by experienced sleep specialists. The sampling frequency of
EEG and ECG signals (channel C4-M1) in our study is 128
Hz.44

According to different morphological characteristics of
electroencephalogram (EEG), electromyography of the neck
(EMG), and Electro Oculog (EOG), sleep is generally divided
into three categories: Wake, rapid eye movement (REM), and
Non-REM. Non-REM can be also divided into three parts: N1,
N2, and Slow wave sleep (SWS). The depth of sleep ranges
from light sleep, mild sleep, to deep sleep. Different sleep
EEGs have different morphological characteristics.45 Specif-
ically speaking, N1 is the stage between wakefulness and
sleep, transformed from comparatively unsynchronized beta
(12.30 Hz) and gamma (25.100 Hz) brain waves to more syn-
chronized but slower alpha waves (8.13 Hz), and then to theta
waves (4.7 Hz). And there are hypnagogic jerks frequently
happening during Stage N1. N2, dominated by the theta waves
(4.7 Hz) and accompanied by sleep spindles (12.14 Hz) or K-
complexes, is the first unambiguous stage of sleep. Controlled
by the delta waves (0.54 Hz) is Stage SWS. Stage REM, iden-
tified by the rapid and random eye movement, possesses high
frequency (containing theta, alpha and even beta) waves like
the wakefulness and dreaming commonly happens during this
stage. During the sleep, the balance of sympathetic and vagal
will modulate in distinct sleep stages.

Here, we use both EEG and ECG signals and utilize the
proposed methods to detect the inherent characteristics of dif-
ferent sleep stages and classify them efficiently. Considering
that the duration of stage N1 is a little short in the whole
period, the stages N1 and N2 are set as a stage in the follow-
ing calculations to obtain more accurate results. The sampling
frequency of EEG and ECG signals is 128 Hz. In addition, we
select 5 successive epochs of each stage and thus, the length
of experimental time series corresponding to each stage is
19 200. The range of parameters q and r is defined from 0+

to 500 in size steps of 10−2.
Figure 8 illustrates one epoch of each stage of ECG (left

panel) and EEG (right panel) signals for one healthy subject,
respectively. By visually observing t ECG plot, it is a little to
identify different stages since ECG detects cardiac vibration
and our heart is a bit far away from head. On the contrary,
the EEG signal can mirror more accurate information about
sleep and obviously different stage possesses distinct oscil-
lation. One can draw the conclusion that the wave pattern
of stage SWS is much more stable than others because deep
sleep is happening. On the other hand, the rest four stages
vary to some degrees especially the wave of stage Wake and
REM. In the next part, we will apply three entropy curves
to distinguish different stages and detect the complexity of
them.
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TABLE VIII. The statistical testing of Cq and Cr of EEG signal for sleep data (R donates the rejection of mull hypothesis and A represents accepting it).

Stage tq0 Confidence interval Judgement tr0 Confidence interval Judgement

SWS 7.3760 [6.4055, 6.5481] R 240.7165 [158.7577, 199.2646] R
N2&N1 7.6724 [7.8024, 7.9931] R 91.7974 [76.7778, 91.7657] R
REM 10.9137 [10.7255, 11.0766] R 133.1611 [93.1217, 105.7768] R
Wake 9.8515 [10.0942, 10.5263] R 123.3705 [94.3321, 103.7613] R

B. Results and analyses

Figure 9 demonstrates three entropy curves for ECG sig-
nal and EEG signal for sleep data, respectively. In general,
the q-complexity-entropy curves for ECG and EEG signals
are not entirely closed, which means that the signals are
not generated from stochastic process. By observing the r-
complexity-entropy curves for both signals and the derivative
of statistical complexity Cr corresponding to the entropy Hr

as a function of Rényi parameter r in Fig. 10, we can draw the
conclusion that the signals are more similar with long-range
correlated 1/f noise, whose result is consistent with that pro-
posed by Costa et al.46 Moreover, it is noticeable that it is
rather difficult to distinguish different stages when the param-
eters equal to 1 (emphasized by the marker �), proving the
necessity of the introduced method.

To be specific, in Figs. 9(a)–9(c), results of ECG signal
imply that these stages can be roughly divided into three parts:
Wake, Non-REM, and REM. Without loss of generality, when
deep sleep happens, the signal tends to be more smooth than
that in the wake stage. Thus, the former signal is more likely
to have less randomness and more complexity. Continually,
these stages can be classified in detail via the EEG signal in
Figs. 9(d)–9(f). It is clear that there are two stages in Non-
REM, deep sleep (red line), and light sleep (blue line). For
detailed information in Tables V and VI, we find that EEG
signal is more relevant to sleep stages than the ECG signal,
since the results from former signal are more accurate. Nev-
ertheless, it seems to be more comprehensive to apply both
signals to analyze sleep data. Finally, we test the nonlinear-
ity of signals for each stage, whose outcomes are shown in
Tables VII and VIII. The parameters of surrogate data sets are
the same as those in the simulated time series. It is intriguing
that the null hypothesis has been rejected for all the signals,
whose conclusion is consistent with that obtained from three
entropy curves.

V. CONCLUSIONS

In this paper, we create three different entropy curves,
Tsallis q-complexity-entropy curve, Rényi r-complexity-
entropy curve, and Tsallis-Rényi entropy curve via extending
the traditional complexity-entropy causality plane and replac-
ing permutation entropy into power spectral entropy. This
kind of method is free of any parameters and some fea-
tures that are obscure in the time domain can be extracted in
frequency domain.

Results from numerical simulations verify that these three
entropy curves can characterize time series efficiently. First,

we test these curves on logistic map with different parame-
ters. The curves for periodic time series seem to form a larger
opening loop than chaotic ones, that is, the values of statisti-
cal complexity of them are not far from 1 even when q → ∞.
The Rényi r-complexity-entropy curves for periodical time
series begin at the point (1,0) and end at the point (0,0), whose
curves for chaotic time series do not reach the origin although
they all have one significant peak. To be specific, we calculate
the derivative DCr/DHr to visualize the curvature for each
curve. The four curves all increase from negative to positive
values in the vicinity of r = 1. However, when r > 1, there is
a significant decline to negative values for the curve of logis-
tic map (a = 4). Then, we enumerate seven fully chaotic time
series. They display various features via three entropy curves.
And we also compare the results from Gaussian white noise
and 1/f noise. It is interesting that they exhibit distinct prop-
erties. The q-complexity-entropy curve for Gaussian white
noise can form a closed loop but 1/f noise cannot. The deriva-
tive for r-complexity-entropy curve of Gaussian white noise
is always negative, whereas the derivative for 1/f noise is
positive in the vicinity of r = 5.

Finally, we apply these entropy curves to ECG signal and
EEG signal of sleep data from the healthy individual. The
results are rather interesting and comprehensive. In the first
place, all the q-complexity-entropy curves are not completely
closed and there exist both positive and negative derivatives
for r-complexity-entropy curves, confirming that the signals
are more likely to have long-range correlations as 1/f noise.
Then, the curves of ECG signal can roughly divided sleep
stages into three parts: Wake, Non-REM, and REM. The
curves of EEG signal can separate NREM into two detailed
stages: deep and light sleep.

In conclusion, the inherent properties of different kinds of
time series can be excavated efficiently via combining these
entropy curves.
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APPENDIX A: THE LIMIT VALUES FOR HQ[P] AND
CQ[P] WHEN Q → 0+ AND Q → ∞

Suppose that P = p1, p2, . . . , pN is the probability dis-
tribution of power spectrum and Np donates the amount
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of non-zero elements of P. The following statements are
obtained:

(1) Hq[P] → Np−1
N−1 when q → 0+;

(2) Cq[P] → (Np−1)(N−Np)

(N−1)2 =
(

1 − Np−1
N−1

)
Np−1
N−1 when q →

0+;>;

(3) Hq[P] → 1 when q → ∞;>;

(4) Cq[P] → N−Np
N when q → ∞.

Proof. (1) For any given x > 0, it is obvious that logq x →
x − 1 when q → 0+. Applying this fact in Eq. (2.10), we
acquire

lim−→
q→0+

Hq[P] = 1

N − 1

N∑

i=1,pi �=0

pi

(
1

pi
− 1

)
= Np − 1

N − 1
. (A1)

(2) Reviewing Eq. (2.15), we observe that Q0 → 4N
N−1 when

q −→ 0+. Thus, according to Eq. (2.14)

lim−→
q→0+

Jq[P, Pe] = −1

2

N∑

i=1,pi �=0

pi

(
pi + 1/N

2pi
− 1

)

− 1

2

N∑

i=1

1

N

(
pi + 1/N

2/N
− 1

)

= −1

4

N∑

i=1,pi �=0

(
1

N
− pi

)
− 1

4

N∑

i=1

(
pi − 1

N

)

= 1

4

(
1 − Np

N

)
. (A2)

Integrating the results calculated above, we obtain that

lim−→
q→0+

Cq[P] =
(

4N

N − 1

) (
Np − 1

N − 1

) [
1

4

(
1 − Np

N

)]

= (Np − 1)(N − Np)

(N − 1)2
. (A3)

(3) For q > 1, Eq. (2.10) can be described as

Hq[P] =
∑N

i=1 pi logq
1
pi

logq N
=

∑N
i=1(pi − pq

i )

1 − N1−q
. (A4)

Thus, when q → ∞, Hq[P] → ∑N
i=1 pi = 1.

(4) Let Q0 = (1 − q)22−qKq from Eq. (2.15)
where

Kq = N

22−qN − (1 + N)1−q − N(1 + 1/N)1−q − N + 1
.

(A5)

It is easy to find out that Kq → N/(1 − N) when q → ∞.

Then,

Qq[P, Pe] = (1 − q)22−qKqJq[P, Pe]

= (1 − q)22−qKq

⎛

⎝−1

2

N∑

i=1,pi �=0

pi logq
pi + 1/N

2pi

− 1

2

N∑

i=1

1

N
logq

pi + 1/N

2/N

⎞

⎠

= −21−qKq

⎡

⎣
N∑

i=1,pi �=0

pi

(
1

2
+ 1

2Npi

)1−q

+
N∑

i=1

1

N

(
Npi

2
+ 1

2

)1−q

− 2

]

= −Kq

⎡

⎣
N∑

i=1,pi �=0

pi

(
1 + 1

Npi

)1−q

+
N∑

i=1

1

N
(1 + Npi)

1−q − 22−q

]
. (A6)

Therefore,

lim−→
q→∞

Qq[P, Pe] =
(

N

N − 1

)(
N − Np

N

)

= 1 − Np − 1

N − 1
. (A7)

Finally, applying all the results and item (3), we obtain that
Cq[P] → 1 − Np−1

N−1 when q → ∞. �

APPENDIX B: THE LIMIT VALUES FOR HR[P] AND
CR[P] WHEN R → 0+ AND R → ∞

Assume that P = p1, p2, . . . , pN is the probability distri-
bution of power spectrum, Np donates the amount of non-zero
elements of P, pM , and pm are the maximum and minimum
elements of P, respectively. The following statements are
obtained:

(1) Hr[P] → log Np
log N when r → 0+;

(2) Cr[P] → log Np
log N

log(N+Np)−log 2N
log(N+1)−log 2N when r → 0+;

(3) Hr[P] → − log pM
log N when r → ∞;

(4) Cr[P] → log(NpM +1)(Npm+1)−log 4NpM
log 4N−log(N+1)

log pM
log N when r → ∞.

Proof. (1) From Eqs. (2.11) and (2.16), we have

Hr[P] = log
∑n

i=1 pr
i

log N
. (B1)

Hence,

lim−→
r→0+

Hr[P] = log Np

log N
. (B2)

(2) It is obvious that

lim−→
r→0+

Qr0 = −2

(
log

N + 1

2N

)−1

, (B3)
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and

lim−→
r→0+

Jr[P, Pe] = −1

2
log

(
1

2
+ Np

N

)
, (B4)

Therefore,

lim−→
r→0+

Cr[P] = log Np

log N

(
log

N + 1

2N

)−1

log

(
1

2
+ Np

N

)

= log Np

log N

log(N + Np) − log(2N)

log(N + 1) − log(2N)
, (B5)

(3) Since pM is the maximum element of P, we can obtain
pr

M ≤ ∑N
i=1 pr

i ≤ Nppr
M and thus, log pr

M ≤ log(
∑N

i=1 pr
i ) ≤

log(Nppr
M ).

For r > 1,

r

1 − r

log pM

log N
≥ 1

(1 − r) log N
log

N∑

i=1

pr
i

≥ r

1 − r

log pM

log N
+ log Np

(1 − r) log N
, (B6)

When r → ∞, according to the Squeeze Theorem, Hr[P] →
− log pM

log N .
(4) The “disequilibrium” Qr[P, Pe] is described in

detail as

Qr[P, Pe] =
log

∑N
i=1 pr

i

(
pi+1/N

2

)1−r + log
∑N

i=1
1

Nr

(
pi+1/N

2

)1−r

log

(
(N+1)1−r+N−1

N

(
N+1
4N

)1−r
)

=
log

∑N
i=1 pi

(
pi+1/N

2pi

)1−r + log
∑N

i=1
1
N (

pi+1/N
2/N )1−r

log (N+1)1−r+N−1
N + (r − 1) log

(
4N

N+1

) ,

(B7)

To calculate the limit value of Qr[P, Pe], we first begin by
computing handy upper and lower bounds of it. It is noticeable
that

pi + 1/N

pi
= 1 + 1

Npi
≥ 1 + 1

NpM
, (B8)

and then, for r > 1,

N∑

i=1

pi

(
pi + 1/N

2pi

)1−r

≤
(

pM + 1/N

2pM

)1−r

. (B9)

Similarly, we have

pi + 1/N

1/N
= 1 + Npi ≥ 1 + Npm. (B10)

Thus,

N∑

i=1

1

N

(
pi + 1/N

2/N

)1−r

≤
(

Npm + 1

2

)1−r

. (B11)

Using the above results and the fact that the denominator of
Qr[P, Pe] is positive for r → ∞, we can obtain

Qr[P, Pe] ≤
(r − 1) log 4NpM

(NpM +1)(Npm+1)

log (N+1)1−r+N−1
N + (r − 1) log

(
4N

N+1

) , (B12)

for sufficiently large r.

To get a lower bound, we observe that

pM

(
pM + 1/N

2pM

)1−r

≤
N∑

i=1

pi

(
pi + 1/N

2pi

)1−r

, (B13)

and

1

N

(
pm + 1/N

2/N

)1−r

≤
N∑

i=1

1

N

(
pi + 1/N

2/N

)1−r

, (B14)

Thus,

Qr[P, Pe] ≥
(r − 1) log 4NpM

(NpM +1)(Npm+1)
+ log pM

N

log (N+1)1−r+N−1
N + (r − 1) log

(
4N

N+1

) , (B15)

for sufficiently large r.
Finally, integrating all the results, we can obtain

lim−→
r→∞

Qr[P, Pe] =
log 4NpM

(NpM +1)(Npm+1)

log
(

4N
N+1

)

= log 4NpM − log[(NpM + 1)(Npm + 1)]

log(4N) − log(N + 1)
,

(B16)

and

lim−→
r→∞

Cr[P] = lim−→
r→∞

Qr[P, Pe] × Hr[P]

= log 4NpM − log((NpM + 1)(Npm + 1))

log 4N − log(N + 1)

log pM

log N
.

(B17)
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