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Deterministic diffusion generated by a chaotic map
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We describe one-dimensional discrete difFusive motion that is driven by a purely deterministic
system, the logistic map. We find normal diffusive motion above a critical value k, of the chaotic
parameter. At A, i, the diftusion constant D plays the role of an order parameter, with a critical ex-
ponent of 1/2. In the presence of external noise, D is expressed in terms of a universal scaling func-
tion and the critical exponent associated with the noise is found to be 1. We also consider biased
di6'usive motion driven by the logistic map. We find that the di8'usion process thus generated is
di6'erent from random biased di6'usion. In contrast to the case of the biased "random walker"
where all configurations ("walks" ) are still possible, here certain configurations are not allowed.
However, the statistical properties approach those for random biased di6'usion in the infinite time
limit. We define a measure of the e6'ective randomness.

I. INTRODUCTION

x(t) ~ g(t),
and one obtains the normal diffusion law:

(x(t) ) =0, (x'(t) ) ~ t .

(3)

In this paper, we consider the case where g(t) is not
random but deterministic and chaotic. ' In Sec. II we
set up a model for deterministic diffusion based on the
logistic map f (y) =4Ay(1 —y), and in Sec. III we discuss
various properties of this map that are pertinent to this
problem. We shall point out the similarities to the con-
siderable amount of work done for circle-map dif-
fusion. ' We consider unbiased diffusion in Sec. IV and
find normal diffusion for A, above a critical value A, &,
which is the first reverse bifurcation point for the map.
We shall see that the difFusion constant plays the role of
an order parameter at this point. The corresponding ex-
ponent is shown to be 1/2. In Sec. V we consider the
efFect of noise and derive the associated universal scaling
properties. Finally, in Sec. VI we examine biased

Diffusion is normally associated with a stochastic
driven force (a random variable). For Brownian mo-
tion, ' the equation of motion is

Mx+yx =g(t),
where y is the friction constant and M is the mass of the
free particle. Equation (1) is also known as the Langevin
equation, with the assumption that the g(t) are
Gaussian-correlated random forces (white noise):

(g(t) ) =0, (,g(t)g(t') ) ~ 6(t t') . —

When the friction is high, i.e., y/M &&1, the x term can
be neglected and (1) can be reduced to

diffusion. This is found to differ from normal biased
diffusion at small time scales, but approaches it in the
infinite time limit with a given rate that depends on k.
We shall interpret this new exponent 0. as a measure of
how fast the system randomizes. We comment on the re-
lation between 0. and the Lyapunov exponent.

II. MODEL

For simplicity, we study one-dimensional discrete time
nearest-neighbor lattice difFusion. By choosing the time
to be discrete, we are restricting ourselves in the time
domain comparable to the time scale of molecular col-
lisions. Thus g(t)~g(i), for i =0, 1,2, . . . . By nearest-
neighbor lattice diffusion we mean that the particles can
move only from one lattice site to a neighboring one, i.e.,
the particles move the same distance at each time step.

To generate the sequence of stochastic but determinis-
tic driven forces, we use a chaotic map —the logistic
map. Consider

g(n) =sgn(y„—P),
where the threshold P can be regarded as controlling the
external bias field. Thus, at time step n the particle will
experience a rightward (leftward) force if y„ is greater
(smaller) than P and will take a step, g(n) =+ 1( —1). In
(5) y„ is generated by the logistic map, i.e.,

with the initial value yo E I 0, I] randomly chosen for each
particle. The trajectory of the particle is completely
determined by the initial condition. In the following sec-
tions, the statistical properties of a system of particles
that are governed by Eqs. (3), (5), and (6) will be studied
by analytic methods as well as numerical simulations.
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We shall only consider the chaotic regime of the logistic
map, where A, & k, =0.8924. We also restrict k to be less
than 1 to keep y, in the unit interval.

In contrast to the diffusion studies for circle maps,
which add to the characterization of these maps in the
chaotic regime, our study is motivated by the simplest
random walk: A random number generator gives a num-
ber y between 0 and 1; then if y & P the walker goes left,
otherwise it goes right. In essence, what we are doing in
Eqs. (5) and (6) is substituting the "external" random
number generator by a chaotic map. Unlike the circle-
map diffusion, the mechanism here allows us to incorpo-
rate easily symbolic dynamics into the problem; more-
over, we are able to go easily from an unbiased random
walk to a biased one by changing the value of the thresh-
old P. In particular, we can identify all walks as
configurations of left and right steps and analyze the
problem in terms of these configurations, both for the un-
biased case (Sec. IV) and the biased case (Sec. VI). For
example, we find that some configurations are excluded if
the bias exceeds a certain value (Sec. VI).

III. LOGISTIC MAP

In this section we shall discuss the symbolic properties
of the logistic map. Consider the logistic map (6) (Fig. 1),
and a particle driven by this map. We are interested in
spatial averages and start therefore from a uniform distri-
bution of initial values yo. Now, to find the statistical
properties of our system we must know how often a par-
ticular sequence (which we call a configuration) of n steps
(each step can be left or right, denoted by L or R, respec-
tively) occurs. In order to answer this question we must
calculate (i) in which interval I(C) yo must be located to
generate a particular configuration C, (ii) how often y,
will visit this interval. As regards (ii), we denote Pi„(y )dy

as the probability to find a particle between y and y+dy.
Hence, the relative occurrence of a configuration C of
length n is

I „(C)=j P„(y)dy . (7)I ( C)

To determine I(C), consider a particle with value yc.
If we are interested in the first step of the particle (C of
length 1) then we only need to compare yo with P: if
yo ) iI), the particle steps to the right, if yo &P it steps to
the left. Therefore I(L)=(0,$) and I(R)=($, 1) (Fig. 1).
For the case of two time steps (C of length 2), we need
also to compare yi =fi (yo) with P, or equivalently to
find the inverse mapping of tI) and compare it with yo. In
other words, if P, and P2 are the inverse mappings of P
[i.e., fi (Pi ) =fi ($2)=P], and assume P2 ) iI)„then a par-
ticle with yc & P, will take two steps to the left (C equals
LL in Fig. 1) at the first two time steps, whereas yc in

(P„P) will give rise to the LR configuration (if i)) $2),
and so on. For the case of a three-step diffusion process
we need to find the inverse iterates of P„called P» and

P» (choose P» tt»), »d of (t„den«ed by P» and P»
(Pz, & $22). In general, for an n-step diffusion process, we
need to trace back to the (n —1)th inverse iteration of P,
i.e., all the way to P;; . . . ; defined recursively by

2 n —1

(i =1,2, m =1, . . . , n —2) .

Analogously to the two time-steps case, I(C) for a partic-
ular n-step configuration C has the form (P,.
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FIG. 1. The logistic map fz(y) =4Ay(1 —y).

FIG. 2. All possible configurations at three time steps, for
X= 1 found by iterating the tent map twice. At a given value of
the bias field P, the probability for a configuration C is given by
the length of the intersection of the area corresponding to C
with the line h (z) =g(P). For /=0. 5, g(P) =0.5 and all
configurations are equally likely. Moreover, the probability for
the configuration LRL is zero for g(P) &g(P') = —,', on a log-log
plot. The slope gives the diffusion constant for various values of
A..



6566 SONA PRAKASH, CHUNG-KANG PENG, AND PREBEN ALSTRQM 43

, ) with m, k & n
1 k

For A, =1, the logistic map is equivalent to the tent
map' (see Fig. 2 with m =1)

2z, 0&z &
—,
'

1.0

0.8

2(1 —z), —,
' &z & 1

(9) 0.6

by a coordinate transformation z =g(y) (see, e.g., Refs. 5
and 13). The probability density for h (z) is uniform, so
&(y) =g'(y). Thus, for I(C)=(P, . . .;,P, , ) we have

1 m
Or2

(10) 0.0

Moreover, the relation h (g(y))=g(f i (y)) identifies
g(P; . . . ; ) as a solution to h (z)=g(P). For A, &1,
Pi(y) is not a smooth function and no simple analytic
form for I „(C)exists.

FIG. 3. Diffusion constant D(A, ).

IV. UNBIASED DIFFUSION

The threshold P(A, ) in (5) can be chosen such that the
particles will experience the same amount of rightward
and leftward forces (in a statistical sense). More precise-
ly, we choose P(A, ) to have the value, denoted by Po(A, ),
that corresponds to p =I,(L)=l, (R ) = —,

' where

I i(1-)—=I &i(y)dy .
0

We call diffusion with this value of the threshold, un-
biased, whereas the case pW —, is biased, and will be dis-
cussed in Sec. VI.

By definition, for unbiased diffusion,

For A, = 1, we have Po(1)= —,
' since then I i(1.)

=g( —,')= —,'. To find the probability of occurrence I „(C)
of a particular configuration of length n, we need to
determine the corresponding interval I(C). The end
points of the intervals are given by the solutions to
h (z) =

—,
' (0 & m & n —1). These solutions are k/2"

(k = 1,2, . . . , 2"—1) [in Fig. 2, intervals marked by inter-
sections with the line h (z)= —,

' are all of the same
length]. From (10) we have

(12)

where D(A. ) is the diffusion constant which, however, de-
pends on A.. D has the value 1 at A, =1. As we decrease
the value of A, , D also decreases (Fig. 3); in particular, D
vanishes at the first reverse bifurcation point
A, =A, ", =0.919 64 (Fig. 4).

The reason why D =0 for A, ~ A,
&

is clear in view of the
bifurcation diagram (Fig. 4): After a transient period, the
numbers generated from the logistic map for X ~ A. *, oscil-
late between two chaotic intervals that are located on the
two opposite sides of Po(k) (the unbiased threshold). This
means that a particle will always experience a rightward
(leftward) force after a leftward (rightward) force, i.e., the
particles will oscillate and never move away. '

For k slightly larger than A, &, this alternating behavior
is perturbed but it still exists within a characteristic time
scale r*(A, ). Figure 5 shows a typical particle trajectory.
Within a certain time scale t &~*(A,) the particle oscil-

for all C of length n. This is exactly the same as for un-
biased random walks, which means that one cannot see
the deterministic effect in the statistical quantities we
measure. As a concrete example, the diffusion law does
not change, i.e.,

(x'(t)) =D(A, )t, (13b)

(13a)

the same as the result for unbiased random walks.
For k(1 only numerical studies have been done. By

carefully choosing P to make the first moment of the dis-
placement vanish, i.e., (x(t) ) =0, we found the unbiased
threshold Po(A, ). From the numerical data we find that
the diffusion behavior of the particles is still normal,

0
0.88 1.00

FIG-. 4. Bifurcation diagram for the logistic map (6000 data
points): Notice the window the appears below A, =A, &, dividing
the phase space into two chaotic intervals for 1~ A, ~*.
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FIG. 5. A typical particle trajectory for A, =0.925.
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lates around some fixed point, while for t ) r*(A. ) the par-
ticle seems to behave like a random walker. This sug-
gests the following conjecture:

D(X)- 1

r'(A, )
(14)

In this respect D can be thought of as an order parame-
ter.

As we approach X=X& from above, this characteristic
time r" (A, ) diverges. We are interested in seeing how r"
scales with 6A, =A, —A,

&
for small 6A.. At A, =A, *, , the un-

biased threshold Po(A, ) is the same as the unstable fixed
point a(A, )=1—1/4A, . The point A, =A,

&
is characterized

by f&, (k*, )=1/4A, *, or
1

f~e( —,')=~(k;) .
1

(15) 0
0

The interval A =(1/4k f, a(A, *, )) maps into the interval
fB=(a(A& ), A& ) and vice versa A~B [Fig. 6(a)j. Now,

consider A. =A, f +M. for small 5A, . Then (15) is modified
to

FIG. 6. (a) A, =A, &*, the point y=
z maps in three iterations

into the unstable fixed point a(k&*)=1—1/4k&*. (b) A, =A, &*+6k.;
the points that map into the unstable fixed point o.(A, ) in three
iterations are given by 2+5y.

fq( ,'+5y ) =~(&) . — (16)

There is now a finite probability for the trajectory to de-
viate from oscillatory behavior. From Fig. 6(b) it can be
seen that this happens when the trajectory hits a value in
the interval I(5y)=—( —,

' —5y, —,'+5y). Until we "hit" a

number in this interval, the trajectory continues to go al-
ternately above and below the unbiased threshold, which
is now slightly below the unstable fixed point a(A, ). Thus
the diffusive motion of the particle originates from the in-
terval I(5y ). We can find the dependence of 5y on 5A, by
Taylor expansion offz(y) at y =

—,
' and A. = A,f:

d2 3

f~(y)= f~*(—,') +
dy y=1/2

6A, +. . .
1

(17)
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(df, /dy~, &&=0). This gives to leading order in 5y
1

and 5A,

5y -(M. )'~ (18)

Next, we relate 5y to ~*, the characteristic time scale.
To this end, we notice that ~* is the average first return
time for particles in I(5y ). We write

0.10
0.09
0.08
0.07
0.06

0.05

0.04

0.03

+g
+ r

+

v
P+

'T —7y+7h (19)

where ~& is the time it takes the trajectory to "forget"
that it originated from I(5y ), and rI, is the average time
it then takes to get to I(5y ) again. To find r& we start N
particles in I(5y) distributed homogeneously on the at-
tractor (with A, =Xi +M,). As argued above [see (16) and
(18)], after three iterations the particles will be located in
an interval of size (5y ) at a(A, *, ). This interval will then
expand in size by a factor of A=

~fz+ (a(A, i )) ~
at each

1

following iteration (A = 1.68). The information that the
particles originated from I(5y ) is therefore lost at time r&
given by

0.02

0.00005 0.0001
I

0.0005 0.001

FIG. 7. Results of numerical simulations on logarithmic
scale showing D(k) -(k—k&* }'

f i (y) at y =
—,
' will be zero, thus 5y —(5A, )' '].

To elaborate on the result (23), consider the autocorre-
lation function C( m ) defined by

A ~(5y) —1,
hence

(20) N —i
C( m)=(g(i)g(i+m)) = lim —g g(i)g(i+m), (25)

N oo Ã '=0

rg —lln5y I
.

At time ~& the particles are effectively scattered homo-
geneously over the entire attractor. We shall assume that
N(r&)=25yN of them will be located in I(5y). More-
over, since the Lyapunov exponent at X=A,

&
is of order 1,

we can assume that the rest (1—
25y )N of the particles at

time ~&+1 are again distributed homogeneously on the
attractor. Hence, N(r&+1)=(1 —25y)25yN will hit
I(5y ) at time r&+1. At time r&+2, N(rI+2)
=(1—25y) 25yN will hit I(5y), and so on. In general,
N(r&+r)=(1 —25y)'25yN will hit I(5y ) at time rI+r.
The average time ~& is

r„=—g rN(rI+r)=(1 —25y)/5y —(5y) ' . (22)
1

N

For small 5y, ri, ))r&, and r*=rh. From (18) and (22)
we have'

r*(A, )-(5A, ) (23)

We also calculated the diffusion constant directly from
numerical data for the scaling of the second moment with
time near A, =k*, (Fig. 7). The result agrees with the A,

dependence derived from (14) and (23),

where g(i ) is given by (5) with y, =f 'i (yo). For A, slightly
above A, *, , we find numerically that C(m) decays exponen-
tially,

~C(m) -exp
r, (A, )

(26)

Numerical studies confirm this relation. Again we find
corrections to scaling when ~& and ~& are of the same or-
der.

V. UNBIASED DIFFUSION WITH NOISE

In this section we will discuss unbiased deterministic
diffusion with "external noise. " We add noise to the sys-
tem in the following way: instead of completely following
the trajectory that is determined by the sequence of
chaotic numbers, the particle can disobey the rule and
move in the opposite direction with a certain probability
e, the magnitude of the external noise. If g'(i) denotes
the displacement of the particle at time i with noise,

Here r, (A, ) is the characteristic time over which correla-
tions exist. We expect that r, (A, ) -r (A, ), i.e., from (19),

(27)

D(k)-(X—ki )' —g(i) with probability e,
'(&)= '

g(i) with probability 1 —e . (28a)

At 5A, =10, r& -rh, and corrections to (24) become im-
portant. The same scaling behavior for the diffusion con-
stant with the nonlinearity parameter has been obtained
in a circle-map system where diffusion is generated by a
different mechanism —the value 1/2 of the exponent in
Eq. (24) is merely a consequence of the fact that the map
has a quadratic maximum; for a maximum of order z, the
exponent is' 1/z [in Eq. (17), the first z —1 derivatives of

The autocorrelation function C(m) is modified,

( g'(i )g'(j ) ) = [( 1 —e) +e 2e( 1 —e—) ] ( g(i)g( j) )

=[1—4e(1 —e)](g(i)g(j)) for i'
(28b)

and
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(g'(i )g'(j) ) = ( g(i)g(j ) ) for i =j (28c) VI. BIASED DIFFUSION

For A, ~ A, 1, the particle will oscillate forever if there is no
noise, thus

If the threshold P in (5) in chosen in such a way that
the rightward and leftward forces are not the same, the
process is called biased diffusion. In this case we have

j I
is even,

( g(i)g( ) ) = —1 if ~i
—j~ is odd. (29) (x(t)) =(p —q)t, (34)

From (28) the diffusion coefficient D(e, A, ~ A, I ) can be cal-
culated,

where p=I i(L) and q=I, (R)=1—p. We call p the
bias. As discussed at the beginning of Sec. IV, biased
diffusion corresponds to pW —,

' and $%$0(A, ). Thus, here
we fix P(A, ) at some value away from the unbiased thresh-
old Po(A, ).

In contrast to random diffusion, at each time step, the
probabilities to go left or right do not split in the ratio of
p:q. This is also the case for A, =1. For example, for
/=0. 4 we have p =g(P)=0.436 and q =0.564. For the
second time step,

j,k=1
jWk

=t —[1—4e(1 e)]t =4—e(1 e)t .

Thus, D(e, A, ~ A,; ) =4@(1—e). In particular,

D(e, 5A, ~O)-e

(30)

(3 la)

I 2(LL ) =0.218)p

I 2(LR ) =0.218 (pq,
I 2(RR ) =0. 346 ) q

I 2(RL ) =0.218 (pq .

for small e. From (24), we have

D(e O, S~)-(S~)I" (31b)

(32)

(5A, and e small), ' with

const as x —+0,
G(x ) x' as x —+~. (33)

We have verified this relation numerically (Fig. 8).

for small M, . The scaling relations (31a) and (31b) sug-
gest the following scaling form for D(e, M, ):

In general, there is no simple expression for I „(C), un-
like the unbiased case [cf. (12)].

The probability for going left or right at each time step
depends on the previous history of the system and thus
one needs to calculate I for all previous time steps
m (n in order to obtain I „(C ). Moreover, there are cer-
tain configurations that do not exist. To illustrate this to-
pological constraint consider X=1. Using the tent-map
analog (Sec. IV), the probabilities of occurrence I „(C)of
existing configurations C of length n are found from the
end points of the intervals I(C), which are given by solu-
tions to h (z)=g(P) (0~m ~n —1). As shown in Fig.
2, the configuration LRL does not exist below g(P') =—',
(P(P'=0. 36), it is said to be pruned. ' In general, we
can write for an n-step difFusion process

(x (n)) = g I „(C)(n —2nL )
C

(35)

100—

bX; + 5.6623x 10
x 1 5662x 10

2.5662x 10
3,5662xl0

+ 1.3566&& 10

where nL is the number of steps taken to the left. Since
I(C) is an interval between two pre-images P; . . . ; and

, (k ~m (n ) (cf. Sec. III), the value of I „(C) is
1 /&

well approximated by [(f )'(P; . . . , )] ' for large n

For a random diffusion process with a bias,

50 (x (t)) =(p —q) t +4pqt . (36)

D.

10

0
x

100

CI

*
I I I I I ill!

10' 1 02
bX / c

I I I I IIIII I I I I I IIII

103 104

FIG. 8. Universal scaling behavior of the diffusion constant

For the A, =1 chaotic process we have calculated exactly
the values of (x (t) ) for small times t from the I,(C)
and found that they deviated from the expression (36).
Moreover, the values of (x (t)) are different for two
values of the bias (corresponding to two values of the
threshold, say, p and Itl*) that are equidistant from the
unbiased point p =

—,
' (corresponding to $0) and on either

side of it (i.e., favoring rightward or leftward forces, re-
spectively, by the same amount). This is completely
difFerent from a random biased diffusion process. In Fig.
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X
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I of time steps. The envelope of the steps is, however, a
straight line (shown in Fig. 11) with slope= —ln2. We
notice that the value of the Lyapunov exponent at A. =1 is
ln2 as well. We speculate that o(A, ) also equals the
Lyapunov exponent below A, =1, but we have not been
able to obtain a clear indication due to Auctuation in 6
For A, ~ X*, , 6 =0, and o. is not defined.

VII. SUMMARY

In this paper we have set up a general formalism for
describing the diffusion properties of a deterministic walk
generated by an "external" chaotic map. The formalism
is easily applied to the case of an arbitrary bias field (as
we have shown in Sec. VI) and also incorporates symbolic
dynamics. The latter enables us to make a connection
with the formalism of Ref. 17. We have first described
the unbiased diffusion for the logistic map in the chaotic
regime, and identified the diffusion constant D as an or-
der parameter at A, &, characterizing a transition from a
"localized" regime below 1,; in which the particle just os-
cillates about one point and does not diffuse at all, to a re-
gime with normal diffusion. We have derived the value of
the order parameter exponent, both analytically and nu-

merically, and have found it to have a value of 1/2. The
same scaling behavior was obtained in Ref. 8 for a
different diffusive mechanism and thus a different transi-
tion point. The short-range correlations (exponential de-

cay) of the logistic map near k*, is related to the value of

D. We have also considered the effect of noise on the
diffusion constant and derived the resulting universal
scaling properties. A similar scaling behavior for D is ob-
tained for the diffusive motion in circle maps.

Second, we have extended the model to the case of
biased diffusion and studied its properties in the same re-
gime of the map, and have found them to differ from
those of the corresponding random process but to ap-
proach these in the infinite time limit, with a rate that de-
pends on the chaotic parameter k. This rate o. is derived
to be equal to the Lyapunov exponent for A, =1 and we
speculate that this is true for lower values of A, above A, *,

as well. However, for X~A, &, o. is not defined. In addi-
tion, we find that biased diffusion results in the pruning of
certain configurations.
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